This paper gives a combinatorial description of spin and spin c -structures on triangulated manifolds of arbitrary dimension.
Introduction
The point of this paper is to construct a framework for combinatorially representing spin and spin c -structures on triangulated manifolds in a manner suitable for computer implementation. This should be seen as part of a general effort to merge the techniques of algorithmic 3-manifold theory, such as triangulations, normal surface theory and geometrization with elements of 4-manifold theory.
This paper uses the obstruction-theoretic approach to spin structures of Milnor [14] , putting the combinatorial spin structures in a formalism perhaps most comparable to Forman's discrete Morse theory [6] . It's assumed the reader is familiar with obstruction theory on manifolds along the lines of Milnor and Stasheff [15] . Other references like Whitehead [19] and Gompf and Stipicz [9] are also excellent resources for basic obstruction theory.
The types of triangulations allowed in this article are relatively flexible. For example, unordered delta complexes [10] suffice. The ideal triangulations of Thurston [17] , a further weakening of unordered delta complexes, are also perfectly acceptable. In short, a triangulation in this paper is a space constructed by gluing simplices together via affine-linear identifications of their boundary facets, and where we demand that the characteristic maps of every simplex is an embedding when restricted to the interior of the simplex. Denote the n-simplex by ∆ n = {(x 0 , · · · , x n ) ∈ R n+1 : x i ≥ 0 ∀i and x 0 + x 1 + · · · + x n = 1}. Given i ∈ {0, 1, · · · , n} the i-th face map of ∆ n is the map f i : ∆ n−1 → ∆ n given by f i (x 0 , · · · , x n−1 ) = (x 0 , x 1 , · · · , x i−1 , 0, x i , x i+1 , · · · , x n−1 ). Given a permutation σ ∈ Σ({0, 1, · · · , n}), the induced automorphism of ∆ n is given by σ * : ∆ n → ∆ n , σ * (x 0 , x 1 , · · · , x n ) = (x σ −1 (1) , x σ −1 (2) , · · · , x σ −1 (n) ). An unordered delta complex is a CW-complex X such that the domains of the attaching maps are the boundaries of simplices (rather than discs), φ : ∂∆ n → X (n−1) , and for each i, the composite satisfies φ • f i = Φ • σ * where Φ : ∆ n−1 → X (n−1) is the appropriate characteristic map from the (n − 1)-skeleton, and σ ∈ Σ({0, 1, · · · , n − 1}) is some permutation. If all the permutations σ were the identity, X would be a delta complex.
In the literature, there are several available tools for combinatorially representing 3 and 4-manifolds with additional structure on their tangent bundles. The Kaplan Algorithm [11] was perhaps the first (see [9] §5.6, 5.7 for a modern exposition). Kaplan's Algorithm gives a simple framework to represent spin structures on the 3-manifold given by an integral surgery presentation, moreover it provides a simple tool to determine when such spin-structures extend over the bounding 4-manifold. Another combinatorial representation of 3-manifolds are spines, popularized by Matveev [13] . Techniques to represent spin-structures on 3-manifold spines were developed by Benedetti and Petronio [1, 2] . The techniques in this paper would be described as being in the language of the 'frame along the dual 1-skeleton' in [2] . Spin c -structures on simplicially-triangulated 3-manifolds can be described as combinatorial Euler structures of Turaev [18] .Étienne Gallais has recently used this technique to study combinatorial Euler structures on triangulated 3-manifolds [7] using Forman's combinatorial vector fields to represent Euler structures. One of Gallais's observations is that with these techniques, not all combinatorial Euler structures are represented on delta complexes. Simplicial triangulations are required to capture all spin c -structures using this technique.
Definitions, notation
Throughout this paper, N will be an n-manifold. Frequently we will endow N with a triangulation or a CW-structure, in which case the i-skeleton will be denoted N i .
Given a fibre bundle ψ : E → B with fibre F , and a subspace X ⊂ B , the restriction bundle is the map ψ |ψ −1 (X) : ψ −1 (X) → X which also has fibre F . We abbreviate ψ |ψ −1 (X) to ψ |X .
A trivialization of a vector bundle ψ : E → B is k everywhere linearly independent vector fields on ψ , where the dimension of the fibre is k . By design, trivializations correspond to vector bundle isomorphisms B × R k → E given by (b,
A vector bundle ψ over a space N , ψ : E → N is orientable if and only if there a trivialization of ψ |N 1 . Given a trivialization of ψ |N 1 , the homotopy-class of its restriction to N 0 is called an orientation of ψ . If a vector bundle ψ : E → N is orientable, its set of orientations admits a free transitive action of H 0 (N, Z 2 ) -the action is given by flipping orientations on path-components of N .
In the language of classifying maps, a vector bundle ψ : E → N is orientable if and only if its classifying map N → Gr ∞,k ≡ BO k lifts to the Grassmannian of oriented subspaces of R ∞ , Gr
An orientation of N is the homotopy-class of this lift. The fact that this is equivalent to the previous definition is covered in the references [14, 15] . The key ingredient in this interpretation is that SO k is the path-component of the identity in O k . Among other things, this implies that the exact CW-structure on the space N is not relevant to the existence of orientations, and this is one reason why some people prefer this formalism.
If N is a manifold, orientability and orientations of N refers to orientability and orientations of the tangent bundle π : T N → N .
The n-th spin group is denoted Spin n . This is defined as is the unique connected Lie group which admits a 2 : 1 Lie group homomorphism Spin n → SO n . Since π 1 SO n is cyclic of order 2 or infinite-cyclic, this is well-defined. A vector bundle ψ : E → N admits a spin-structure if the classifying map N → BO k admits a lift N → BSpin k . A spin structure is a homotopy-class of map N → BSpin k such that the composite with BSpin k → BO k is a classifying map for the bundle ψ . Since the map Spin k → BO k factors as a composite
, the corresponding description for spin structures in the obstructiontheoretic setting is that ψ : E → N admits a spin structure if and only if there exists a trivialization of ψ |N 2 . Given such a trivialization, the homotopy class of its restriction to N 1 is a spin structure. The k = 2 case is special since π 1 SO 2 is infinite cyclic. Typically in the literature people phrase the obstruction-theoretic formulation as saying ψ ⊕ ǫ 1 admits a spin structure, where ǫ 1 : N × R → N is the trivial 1-dimensional bundle over N , but one could just as easily describe it in terms of trivializations of ψ |N 1 such that the obstructions to extending over N 2 are all even.
The k -th complex spin group, Spin c k is the group (
we are taking the product of the k -th spin group with the 2nd spin group, and modding out by one copy of Z 2 acting diagonally on the product via the covering action on the respective spin groups. As a group, it admits two extensions: Spin k → Spin c k → SO 2 and Spin 2 → Spin c k → SO k . The latter extension is used to define Spin c -structures, and the former gives the inclusion Spin k → Spin c k .
A vector bundle ψ : E → N admits a Spin c -structure if the classifying map N → BO k admits a lift to BSpin c k [8] . A spin c -structure is a homotopy-class of map N → BSpin c k such that the composite with BSpin c k → O k classifies the bundle ψ . To interpret a spin c -structure, notice that if one composes with the former extension, one gets a map N → BSO 2 which classifies an oriented 2-dimensional vector bundle over N . Alternatively this is a 1-dimensional C-bundle over N . Let ν : E ′ → N be the 1-dimensional C-bundle over N classified by this map, then
Consider SO k ×SO 2 as a subgroup of SO k+2 . This group is covered by some subgroup of Spin k+2 , and by design this group is isomorphic to Spin k × Z 2 Spin 2 . Thus a Spin c -structure on a bundle ψ : E → N consists of precisely two things: a complex line bundle ν : E ′ → N and a spinstructure on ψ ⊕ ν . Given this, spin c -structures can be readily transcribed into an obstructiontheoretic formalism. A complex line bundle is classified by a map N → BSO 2 ≡ K(Z, 2) and homotopy-classes of maps N → K(Z, 2) are in bijective correspondence with H 2 (N, Z). Thus a spin c -structure on N is prescribed by such a cohomology class, together with a trivialization of (ψ ⊕ ν) |N 1 which extends to N 2 .
When working with a triangulation T of a manifold N , we will make heavy usage of the dual polyhedral decomposition. This construction originated in the work of Poincaré, and is available in [16] . Since these ideas are no longer in wide circulation and we will need some fixed notation to refer to this decomposition, a brief sketch is given. The standard n-simplex, ∆ n is defined as
Note that δ ∅ is the barycentre of ∆ n . δ {i} is the convex hull of the barycentre of ∆ n and the barycentre of the i-th face of ∆ n . In general, δ I is the convex hull of the barycentres of all facets corresponding to sets J where J ⊂ I . We call δ I a dual polyhedral bit of ∆ n corresponding to I . If T is a triangulation of a manifold N , and χ : ∆ n → N the characteristic map of a simplex, χ(δ I ) is a dual polyhedral bit of the triangulation T .
Given an i-dimensional simplex σ of T , the dual (n − i)-cell corresponding to σ is the union of of all (n − i)-dimensional dual polyhedral bits that intersect σ in a non-empty set. The collection of all dual cells form a CW-decomposition of N , called the polyhedral decomposition of N dual to T . We denote this dual polyhedral decomposition P throughout the paper.
Dual polyhedral bits inside a tetrahedron ∆ 3
Geometry of simplices
This section is dedicated to some group-theoretic preliminaries related to the geometry of simplices. Let Sym(X) be the full group of isometries of an object X when that makes sense.
, the diagonal and anti-diagonal respectively.
Symmetries of ∆ n are determined by how they permute the vertices, thus there is an identification Sym(∆ n ) ≡ Σ n+1 and Sym + (∆ n ) ≡ A n+1 . If we re-centre ∆ n at the origin
giving an embedding Sym(∆ n 0 ) ⊂ SO n+1 where orientation-reversing maps of ∆ n have D as a (−1)-eigenspace.
When n is odd, Sym(∆ n ) has an alternative interpretation. There is a canonical isomorphism
Given a subgroup G of SO n , letG ⊂ Spin n be the preimage of G under the covering map Spin n → SO n . By designG is a Z 2 -central extension of the group G.
If G is a group and H an abelian group it is a standard theorem of group cohomology that the central extensions of G with kernel H , taken up to extension-preserving isomorphism are in bijective correspondence with
Thus, there is only one non-trivial Z 2 -central extension of A n . Schur called the non-trivial Z 2 -central extension of A n the double cover of A n , which is also called the binary alternating group, denoted either 2A n orÃ n . We use the latter notation. Schur also went on to show that
is epic, thus there are two non-isomorpic Z 2 -central extensions of Σ n which containÃ n . We will give a geometric interpretation to one of these extensions. A convenient notation for elements in these extensions is given by Proposition 3.1.
Proposition 3.1 [20] For all n ≥ 2 there exists groupsΣ + n andΣ − n which are Z 2 -central extensions of Σ n such that:
where the sign corresponds to whether or not we are talking about elements in Σ + n or Σ − n .
We call an element ofΣ ± n odd or even if its projection to Σ n is odd or even respectively.
Proof Notice that a transposition (a b) when lifted to Spin n+1 has order 4 since in SO n+1 the transposition (a b) has a 2-dimensional (−1)-eigenspace whose complement fixed. Given orthogonal unit vectors v 1 , v 2 ∈ R n+1 and θ ∈ R let R θ (v 1 , v 2 ) ∈ SO n+1 denote the transformation which is is the identity on the orthogonal complement of {v 1 , v 2 } and such that
represents a lift of (a b) which we denote [a b]. Relation 6 holds for k = 2 therefore for all k .
We give some concrete descriptions of the low-dimensional groupsÃ 5 andΣ 
ThenΣ − 4 is isomorphic to the subgroup of S 3 which preserves ∆ 3 ∪ −∆ 3 . It consists of the elements:
The group Spin 4 has a natural identification with S 3 × S 3 . The homomorphism S 3 × S 3 → SO 4 given by left and right multiplication by a unit quaternion, precisely, the action is a map
2 . Consider ∆ 4 to be the convex hull of the points
The 120 elements ofÃ 5 ⊂ S 3 × S 3 are given by:
having orders 1 and 2 respectively. (α, α)
, having orders 3 and 6 respectively.
where a = ± 
where {α, β, γ} = {i, j, k}. If αβ = γ a = Consider the subgroup of A n+1 which preserves the set {n − 1, n} i.e. its elements either fix n − 1 and n pointwise, or transposes them. Since an element of A n+1 is determined by its value on n − 1 points, this group is isomorphic to Σ n−1 . Thus, corresponding to a co-dimension 2 facet of ∆ n there is an associated inclusion Σ n−1 → A n+1 . The lift of this Σ n−1 toÃ n+1 is isomorphic to Σ − n−1 .
Representing spin structures on triangulated manifolds
This section gives a combinatorial technique to encode homotopy-classes of sections of the Stiefel manifold of (n − 1)-frames over N 1 . It also gives a combinatorial technique to determine which of these sections extend over N 2 . This allows for the encoding of spin structures on N .
As in Section 2, let P be the dual polyhedral decomposition to T , a triangulation of an nmanifold N . Let S 1 and S 2 be adjacent top-dimensional simplices of T , and assume F is a common face. Let χ 1 , χ 2 : ∆ n → S 1 , S 2 be the characteristic maps for S 1 and S 2 respectively, and χ F : ∆ n−1 → F the characteristic map for F . Let f 1 and f 2 be the corresponding face maps, i.e.
is the transition map from χ 1 to χ 2 corresponding to χ F . Technically it is defined only on f 1 (∆ n−1 ), but it is extended so that the vertex opposite to f 1 (∆ n−1 ) is sent to the vertex opposite to f 2 (∆ n−1 ). We use the convention that f 1 and f 2 have natural extensions to elements of Σ n+1 , and it is for these extensions that this equality is true. In the above paragraph we are using the identification of [0, n] = {0, 1, · · · , n} with the vertices of ∆ n , ie: i ∈ [0, n] = {0, 1, · · · , n} corresponds to e i ∈ ∆ n . We continue this mild abuse of notation throughout this section.
Definition 4.1
• Given a simplex S in a triangulation T , we define a combinatorial vector in S to be an affine-linear map [0, 1] → S such that 0 is sent to the barycentre of S , and 1 sent to a vertex. The simplex S has its characteristic map, ∆ n → S , so the composite
/ / ∆ n gives an equivalence between combinatorial vectors in S and the vertices of ∆ n .
• The discrete Stiefel space V k (S) of k linearly independent vectors in a simplex S is the collection of k -tuples of distinct combinatorial vectors in S . As in the previous definition, the characteristic map χ :
as the set of simplicial embeddings Emb(∆ k−1 , ∆ n ). We will only have use for the k = n − 1 case and denote this space V (S).
• Let S 1 and S 2 be adjacent top-dimensional simplices in a triangulation T . Given v 1 ∈ V (S 1 ) and v 2 ∈ V (S 2 ), a 2-part rigid motion from v 1 to v 2 is a pair (
Since V (S i ) is equivalent to the simplicial embeddings ∆ n−2 → ∆ n , there is a free transitive action of A n+1 on V (S i ) for both i. In particular, given v 1 ∈ V (S 1 ) and v 2 ∈ V (S 2 ) there is always a 2-part rigid motion from v 1 to v 2 . Define an action of A n on A 2 n+1 (thought of as the collection of 2-part rigid motions) by C.
, where we use the shorthand
i . Given a 2-part rigid motion from v 1 to v 2 there is an associated element (B 1 , B 2 ) ∈ A 2 n+1 , moreover, C. (B 1 , B 2 ) is associated to a 2-part rigid motion. A n does not act transitively on the 2-part rigid motions from v 1 to v 2 , since by design B 1 •v 1 (∆ n−2 ) ⊂ f 1 (∆ n−1 ), and (n − 1)-tuples of vectors in an (n − 1)-simplex F defines an orientation of F . Definition 4.2 Assume N an n-manifold with triangulation T .
• Given v 1 ∈ V (S 1 ) and v 2 ∈ V (S 2 ) for adjacent simplices S 1 and S 2 , a combinatorial path from v 1 to v 2 along the dual 1-cell corresponding to F is an element (
which is a lift of a 2-part rigid motion from v 1 to v 2 .
• A combinatorial trivialization of the tangent bundle T N over P 1 is taken to be a choice of elements in v S ∈ V (S) for each top-dimensional simplex S and further a choice of path (B F 1 , B F 2 ) from v S 1 to v S 2 whenever S 1 and S 2 are adjacent simplices across a face F .
The reason the above definition is useful is that there is a map from combinatorial paths from v 1 to v 2 to sections of the Stiefel bundle of T N over the dual 1-cell with fixed endpoints. Similarly for combinatorial trivializations and sections of the Stiefel bundle of T N over P 1 . The next definition allows us to encode the homotopy relation for the sections of the Stiefel bundle at the level of combinatorial trivializations. We encode it in terms of two commuting group actions. One action describes the effect of homotopy on the vector fields near P 0 and the second action describes the effect of homotopy on the vector fields along P 1 while keeping them fixed on P 0 . Let S denote the collection of top-dimensional simplices of T , and F the collection of co-dimension one simplices. By the definitions above, combinatorial trivializations of T N over P 1 are a subset of
where the factors corresponding to elements of S are A n+1 which by Definition 4.1, V (S) ≡ A n+1 . The factors corresponding to elements of F are the objects that hold the combinatorial paths.
where the notation f i ⊥ S means that F is incident to S , on the i-th side of F .
• Given ζ ∈ F an action ofΣ − n is given bỹ
, meaning k i denotes the vertex in the face which is missed when the framing is pushed into the face. We are assuming that the face maps f i : ∆ n−1 → ∆ n is interpreted as a map f i : {0, 1, · · · , n} → {0, 1, · · · , n} that sends n to the label opposite the face, and [k i n] is the Schur notation for a 2-cycle inΣ − n . First the case where both A 1 and A 2 are odd, this reduces to checking
where the last inequality follows from Proposition 3.1 and the fact that A 2 is odd. Moreover, since
. Now the case A 1 odd and A 2 even. This amounts to checking
where conjugation preserves the sign since A 2 is even. Consider the claim that the kernel is Z m 2 . If an element is stabilized under the action, the underlying framing of P 0 and two part rigid motions of P 1 are fixed. So the elements of S∈SÃ n+1 are all ±1. Similarly, the elements of F ∈FΣ − n are all ±1. So we think of an an element of S∈SÃ n+1 × F ∈FΣ − n that stabilizes a combinatorial trivialization as a Z 2 -valued function ǫ : S ∪ F → {+1, −1}. Notice that if ǫ(F ) = ǫ(S) if F is in the boundary of a simplex S . So ǫ is constant on the simplices S and F that come from a common path-component of the triangulation T .
Let W be a co-dimension 2 simplex in T . Let S 1 , · · · , S m be the circuit of simplices about W . Let F 1 , · · · , F m be the corresponding circuit of co-dimension 1 simplices. We choose these coherently -the normal sphere to W in T is a triangulated circle. We choose an orientation of that circle so that one encounters
n+1 be the corresponding combinatorial path to F i , oriented so that B 1 (i) corresponds to F i 's adjacency with S i and B 2 (i) to F i 's adjacency to S i+1 . Let w i : ∆ n−2 → ∆ n be the inclusion corresponding to W ⊂ S i and the characteristic maps of W and S i respectively. In particular, w i (n − 1) → w i (n) is the edge in ∆ n which is mapped under S i 's characteristic map to the appropriately-oriented edge for the boundary of the 2-cell dual to W . Given a face F i , the transition map corresponding to F i will be denoted F W i ∈Ã n+1 , and it is given by
where a is the vertex of F not in W , b the vertex opposite F in the simplex, and c the vertex of W missed by the framing. If {a, b, c} is not a three element set, [abc] is interpreted to be the identity element. One should interpret the element [abc] as the necessary motion to identify the framing of the i + 1-st simplex with the i-th.
preprint Definition 4.5 A simplicial trivialization over P 1 extends to P 2 if and only if for each codimension 2 simplex W , the product satisfies
Two combinatorial trivializations over P 1 are said to be homotopic if they are in the same orbit of SÃ n+1 × FΣ − n . A combinatorial spin structure on a triangulated n-manifold N is an SÃ n+1 × FΣ − n -orbit of a combinatorial trivialization over P 1 that extends to P 2 . 
In Example 4.6, the if we choose the 'short' representatives -i.e. turn all the signs positive, such as B 1 (1) w 1 = [123], we can compute the the extension obstruction ( * ).
continuing along these lines, we get ( * ): Proof Think of H 1 (N, Z 2 ) as cellular cohomology, using the dual polyhedral decomposition P as its underlying cell complex. Given a simplicial trivialization of the tangent bundle over P 1 denoted by (v S ) and (B 1 (F ), B 2 (F )) where S are top-dimensional simplices of T and F are co-dimension one simplices, and given an element ω ∈ H 1 (N, Z 2 ), the action of ω on the simplicial trivialization is given by leaving (v S ) fixed for all S , and by sending (B 1 (F ), B 2 (F )) to (ω(F )B 1 (F ), B 2 (F )), where ω(F ) ∈ {±1} ≡ Z 2 , and we do this for all co-dimension one faces F . This is clearly an action on the trivializations over P 1 but further it leaves the spin structures invariant since in the extensibility criterion over P 2 , the fact that ω is a onedimensional cohomology class amounts to saying there is an even number of −1's in the product.
By fixing one trivialization over P 1 , notice that the set of all such trivializations becomes a Z 2 -vector space isomorphic to H 1 (P 1 , Z 2 ) (simply by comparison). Moreover, to see the action of H 1 (N, Z 2 ) is free and transitive on spin structures, notice that the extensibility to P 2 condition can be viewed as a collection of homomorphisms H 1 (P 1 , Z 2 ) → Z 2 , one for every dual 2-cell. These homomorphisms are by design the various projections of the cellular cohomology differential
Notice, although the parameter-space given for spin structures has order
#F it is far simpler to implement this formalism by assuming the framings over P 0 are induced by the characteristic maps, similarly for the framings on the faces. Moreover, one can assume that on one side of each face, the path chosen is some canonical path. Therefore trivializations over P 1 are parametrized by |F | bits. This is appealing since corresponding data used to describe orientations is a ± sign for every top-dimensional simplex. Spin structures are therefore parametrized by a ± sign on every co-dimension 1 simplex.
The first Stiefel-Whitney class ω 1 ∈ H 1 (N, Z 2 ) of a manifold N is the obstruction to orientability. From the perspective of triangulations, the 1 co-cycle representing ω 1 is given by comparing the orientations of top-dimensional simplices adjacent across a face F . If they're oriented compatibly, meaning the transition function φ satisfies φ ∈ Σ n+1 \ A n+1 , then ω 1 (F ) = 1, otherwise ω 1 (F ) = −1.
There is a similar computation of ω 2 , the 2nd Stiefel-Whitney class. One constructs a simplicial trivialization over P 1 and the obstruction to extending over P 2 is ω 2 . Meaning the co-chain representing ω 2 on a 2-cell of P evaluates to precisely the extension obstruction.
Combinatorial complex spin structures
As described in Section 2, a spin c -structure on an n-manifold N consists of a homotopy-class of a lift of the tangent bundle classifying map N → BO n to the Spin c classifying space BSpin c n . Since Spin c n = Spin n × Z 2 Spin 2 , a spin c -structure on N can be viewed as a 1-dimensional complex bundle over N , call it ν , together with a spin structure on T N ⊕ ν . 1-dimensional complex bundles over N are classified by maps N → BSO 2 , which correspond precisely (via obstruction theory) to elements of H 2 (N, Z).
Let β be a two co-chain representing an element of H 2 (N, Z), ν the complex line bundle associated to β , and consider the problem of finding a spin structure on T N ⊕β . Since π 1 SO 3 → π 1 SO 5 is an isomorphism, we can demand that our trivialization of T N ⊕ β over P 1 is the direct sum of a trivialization of T N over P 1 with a fixed trivialization of ν over P 1 (since SO 2 is connected ν is trivial when restricted to P 1 ).
Checking whether or not such a trivialization of T N ⊕ ν over P 1 extends to a trivialization over P 2 , we get the condition F where as in Definition 4.5 (B 1 (i), B 2 (i)) ∈Ã n+1 is the path from one framing to another across the i-th face, in cyclic ordering of the faces F i i = 1, 2, · · · , k around a co-dimension two simplex W of T , and β(W ) is the value of β on the 2-cell dual to W .
Thus by design, N has a combinatorial spin c -structure if and only if ω 2 is the mod-2 reduction of a class in H 2 (N, Z). More specifically, there exists a spin structure on T N ⊕ ν if and only if ω 2 is the mod two reduction of β .
